First, let m and n be positive integers such that n is odd and gcd(m, n) = 1. Let G be the semidirect product of cyclic groups given by G = Z 8m Z 2n = x, y : x 8m = 1, y 2n = 1, and yxy −1 = x 4m+1 . Then the number of hamilton paths in Cay(G : x, y) (with initial vertex 1) is one fewer than the number of visible lattice points that lie on the closed quadrilateral whose vertices in consecutive order are (0, 0), (4mn 2 + 2n, 16m 2 n), (n, 4m), and (0, 8m). Second, let m and n be positive integers such that n is odd. Let G be the semidirect product of cyclic groups given by G = Z 4m Z 2n = x, y : x 4m = 1, y 2n = 1, and yxy −1 = x 2m−1 . Then the number of hamilton paths in Cay(G : x, y) (with initial vertex 1) is (3m − 1)n + m (n + 1)/3 + 1.
Introduction
The Cayley digraph on a group G with generating set S, denoted Cay(G : S), is the digraph with vertex set G and arc set containing an arc from g to gs whenever g ∈ G and s ∈ S. A number of researchers have investigated the existence and enumeration of hamilton paths in Cayley digraphs. Housman [7] enumerates the hamilton paths in Cayley digraphs on various metacyclic groups. Curran and Witte [5] enumerate the hamilton paths in Cayley digraphs on abelian groups with a two-element generating set. Curran [1] [2] [3] has various results on enumerating hamilton paths in Cayley digraphs on groups with a two-element generating set. See Witte and Gallian [8] , and Curran and Gallian [4] for detailed results on hamilton paths and cycles in Cayley graphs. Because Cayley digraphs are vertex transitive, we always assume that a hamilton path begins with initial vertex 1.
Metacyclic groups
We use the results of Housman [7] , Curran and Witte [5] , and Curran [2] in this paper. We state the terminology and previously proven theorems required to establish the results in this paper. 
Intuitively, to construct the list B T (0), B T (1), . . . , B T (u f )
, we proceed as follows. Begin by listing the lattice points, other than (x 1 , y 1 ), which are on ray R 1 and in the closed triangle whose vertices are (0, 0), (x 1 , y 1 ), and (x 2 , y 2 ), starting with the point just below (x 1 , y 1 ) and proceeding down to the origin. Now move to ray R 2 : ascend this ray (remaining inside the triangle), then descend, listing each lattice point as it is encountered (without repeating the topmost point). Now move to rays R 3 , R 4 , . . . , R f −1 in turn: ascend and descend. You end by listing the lattice points on R f , up to the point just below (x 2 , y 2 ).
We provide an example of two sequences of lattice points in the plane that apply to the semidirect product of cyclic groups of orders 8 and 6 given by G = x, y : x 8 = 1, y 6 = 1, and yxy −1 = x 5 . In each triangle, we have M = ord(yx −1 ) = 24. The first triangle T 0 has vertices (0, 0), (6, 0) , and (5, 4) . The second triangle T 1 has vertices (0, 0), (3, 4) , and (0, 8). See Fig. 1 and Tables 1 and 2 . This sequence of lattice points is related to the structure of the spanning subdigraphs H (e 0 , e 1 , . . . , e N−2 , d) of Cay(G: x, y). We need to develop the appropriate notation to describe this relationship. We continually refer to Notations 8 and 9 for the rest of the results in this section.
Notation 8.
In this section we always assume that G = x, y is a finite group such that yx −1 G. Let z = yx −1 , M = ord(z), and N = |G : z |. Housman [7, Section 3] shows that there exist integers R and K such that 0 < R < M, Table 1 The visible lattice point and the number of lattice points on each ray R k that lie in triangles T 0 = T ((6, 0), (5, 4) ) and
x). It is easy to prove by induction that
Lattice points on ray R k for triangle
Lattice points on ray R k for triangle 
Since L is orientation preserving, and L sends visible lattice points of T to visible lattice points of
Assume det(L)=−1. Since L is orientation reversing, and L sends visible lattice points of T to visible lattice points of 
Proof. By Theorem 9, H (e 0 , e 1 , . . . , e N−2 , d) is a hamilton path in Cay(G:
The result immediately follows. Recall that (z P ) 
Proof. Since L ∈ GL(2, Z), the interiors of triangles T and L(T ) have the same number of visible lattice points.
The result follows immediately.
Corollary 16. We have N ((B, 0), (E, A)) = N ((A , E ), (0, B )).
Proof. Combine Corollaries 13 and 15.
Remark 17. We can dispense with the restrictions 0 E < A and 0 E < A in Notation 9. The linear transformation
((B, 0), (E, A)). By Theorem 9 and Corollary 12, for 0 d < M, H (e
0 , e 1 , . . . , e N−2 , d) is a hamilton path in Cay(G: x, y) iff B T 2 (d) = (0, 0).
First enumeration result
The next theorem is a generalization of a previous result of the author [3, Theorem 4.8].
Theorem 18. Let m and n be positive integers such that n is odd and gcd(m, n) = 1. Let G be the semidirect product of cyclic groups of order 8m and 2n given by Proof. For r ∈ Z, from yxy −1 = x 4m+1 , we get (yxy −1 ) 2r = x 2r(4m+1) , which implies that yx 2r y −1 = x 2r . Hence x 2r y = yx 2r implies that x 2r y s = y s x 2r for s, r ∈ Z.
Then the number of hamilton paths in
We prove by induction on 0 that z = x f ( ) y , where f ( ) = − if = 0 or 3 (mod 4) and f ( ) = 4m − if = 1 or 2 (mod 4). The assertion is trivially true for = 0. From yxy −1 = x 4m+1 , we get yx −1 y −1 = x 4m−1 , hence z = yx −1 = x 4m−1 y and the assertion is true for = 1. We have z 2 = yx −1 x 4m−1 y = yx 4m−2 y = x 4m−2 y 2 and the assertion is true for = 2. We have z 3 = x 4m−1 yx 4m−2 y 2 = x 4m−1 x 4m−2 yy 2 = x −3 y 3 and the assertion is true for = 3. We have z 4 = x 4m−2 y 2 x 4m−2 y 2 = x 4m−2 x 4m−2 y 2 y 2 = x −4 y 4 and the assertion is true for = 4. 
Observe that k is even. Otherwise, on one hand, we have 2nk = 2 (mod 4). However, on the other hand, since z 2nk =x 4m−2nk =1, we have 2nk=0 (mod 4). Hence, k is even and z M =z 2nk =x −2nk =1. Thus −2nk=0 (mod 8m) which, in turn, implies that k = 0 (mod 4m). The smallest positive integer k satisfying k = 0 (mod 4m) is k = 4m. Therefore,
since n is odd. By Remark 17, it is not necessary to impose the restriction 0 E < A.
Let e 0 = 1. Then P = K + e 0 R = 2nk 1 + 4mn + 1. Thus X = z 2nk 1 +4mn+1 and Y = z 2nk 1 +4mn+2 . We interchange the roles of the generators X andY in order to count the number of hamilton paths in this case. Thus from Notation 9, we have
Since n is odd, we have nk 1 
. This reduces toE (2nk 1 + 4mn + 2) = 8m (mod 8mn). Note that 4m(2nk 1 + 4mn + 2) = 8m (mod 8mn). By Remark 17, it is not necessary to impose the restriction 0 E < A . Thus E = 4m. By Corollary 16, we have
. By Theorem 10, the sum ( N ((B, 0) , (E, A)) + 1) over all e 0 ∈ {0, 1} yields the desired result.
We can specify, for which e 0 ∈ {0, 1} and 0 d < 8mn, the spanning subdigraph H (e 0 , d) of Cay(G : x, y) is a hamilton path. By applying a linear transformation in SL(2, Z) to one of the triangles listed in Theorem 18, we can glue the triangles together to form a quadrilateral in which to count visible lattice points. We state this result in the next theorem.
Theorem 19. Let m and n be positive integers such that n is odd and gcd(m, n) = 1. Let G be the semidirect product of cyclic groups of order 8m and 2n given by
Theorem 21. Let m and n be positive integers such that n is odd and gcd(m, n) = 1. Let G be the semidirect product of cyclic groups of order 8m and 2n given by 0) , (2m + n, 4m)) and T ((n, 4m), (0, 8m)). We apply the orientation preserving linear transformation L :
Thus L preserves the number of visible lattice points that lie on the closed triangle T ((2n, 0), (2m + n, 4m)). Observe that L(2n, 0) = (4mn 2 + 2n, 16m 2 n) and L(2m + n, 4m) = (n, 4m). Hence, the number of visible lattice points that lie on the closed triangle T ((2n, 0), (2m + n, 4m)) is equal to the number of visible lattice points that lie on the closed triangle L (T ((2n, 0) , (2m + n, 4m))) = T ((4mn 2 + 2n, 16m 2 n), (n, 4m)). We form the closed quadrilateral Q whose vertices in consecutive order are (0, 0), (4mn 2 + 2n, 16m 2 n), (n, 4m), and (0, 8m) by gluing the triangles T ((4mn 2 + 2n, 16m 2 n), (n, 4m) ) and T ((n, 4m), (0, 8m) ) together. Observe that two fewer than the sum of the number of visible lattice points that lie on each of the closed triangles T ((4mn 2 + 2n, 16m 2 n), (n, 4m)) and T ((n, 4m), (0, 8m) ) is equal to one fewer than the number of visible lattice points that lie on the closed quadrilateral Q.
Second enumeration result
Throughout this section, G is the semidirect product of cyclic groups given by
where m is a positive integer and n is an odd positive integer. We prove by induction on k 0 that
. The assertion is trivially true for k = 0. We have z = yx −1 and the assertion is true for k = 1. We have z 2 = yx −1 yx −1 = y 2 x −(2m−1) x −1 = y 2 x 2m and the assertion is true for k = 2. We have z 3 = y 2 x 2m yx −1 = y 3 x 2m(2m−1) x −1 = y 3 x 2m−1 and the assertion is true for k = 3. We have z 4 = y 2 x 2m y 2 x 2m = y 2 y 2 x 2m x 2m = y 4 and the assertion is true for k = 4.
For
and the assertion is true for k. Therefore, the assertion is true for any k 0. In a similar way, we can prove the result is true for any k 0. Hence, for any integer k, we have Proof. Suppose the regular cosets x i z and x j z travel by y, for 0 i < j 2m − 2, and the regular coset x k z travels by x, for i < k < j. Then e i = 1, e j = 1, and e k = 0, for i < k < j. is a walk through the cosets of z that alternates between traversing through the cosets x i+1 z , x i+2 z , . . . , x j z in ascending order and then traversing through the cosets x j −1 z , x j −2 z , . . . , x i z in descending order. Since ord ((x 2k y) 2 ) = ord(y 2 ) = n, we have ord(x 2k y) = 2n. Let p = 2p 1 be even and 0 q 2k − 1. Observe that (x 2k−1 y) Proof. The proof is by mathematical induction. First, observe that every vertex in H 0 (0) travels by x, except vertex x −1 which travels by neither x nor y. Thus H 0 (0) is a directed path from 1 to x −1 that traverses the arcs (4m − 1) * x and a collection of (2n − 1) disjoint directed cycles such that, for each 1 i 2n − 1, there is a directed cycle that begins at the vertex y i and traverses the arcs (4m) * x.
Assume that, for 0 k 2n−2, H 0 (k) is a path from 1 to x −1 (yx −1 ) k that traverses the arcs (k +1) * [(4m−1) * x, y]# and a collection of (2n − k − 1) disjoint directed cycles such that, for each k + 1 i 2n − 1, there is a directed cycle that begins at the vertex y i and traverses the arcs (4m) * x. We have x −1 (yx −1 ) k+1 x = y k+1 (mod x ). Hence, vertex
k y lies on the directed cycle that begins at vertex y k+1 and traverses the arcs (4m) * x. In order to transform H 0 (k) to H 0 (k + 1), we delete the arc labeled x from x −1 (yx −1 ) k+1 to x −1 (yx −1 ) k+1 x and add the arc labeled y from x −1 (yx −1 ) k to x −1 (yx −1 ) k y. Thus the directed path from 1 to
Further, H 0 (k + 1) has one fewer directed cycles than H 0 (k). In particular, H 0 (k + 1) does not contain the directed cycle that begins at vertex y k+1 and traverses the arcs (4m) * x. Thus H 0 (k + 1) has a collection of (2n − k − 2) disjoint directed cycles such that, for each k + 2 i 2n − 1, there is a directed cycle that begins at the vertex y i and traverses the arcs (4m) * x.
Note that H 0 (2n − 1) is a hamilton path from 1 to x −1 (yx −1 ) 2n−1 that traverses the arcs (2n) * [(4m − 1) * x, y]#. For 0 k n − 1, assume that H 0 (2n + 2k − 1) is a hamilton path from 1 to
2n+2k . In order to transform H 0 (2n + 2k − 1) to H 0 (2n + 2k), we delete the arc labeled x from x −1 (yx −1 ) 2n+2k to x −1 (yx −1 ) 2n+2k x and add the arc labeled y from x −1 (yx −1 ) Assume, for 0 k n − 2, H 0 (2n + 2k) is a directed path from 1 to x −1 (yx −1 ) 2n+2k = y 2k x 2m(k+1)−1 that traverses the arcs (2k + 1) * [(2m − 1) * x, y]# and a disjoint directed cycle that begins at vertex x −1 (yx −1 ) 2n+2k x = y 2k x 2m(k+1) and traverses the arcs See Figs. 4 and 5 . Hence, H 0 (2n + 2k + 1) is a hamilton path from 1 to the spanning subdigraph H (0, 0, . . . , 0, 1, 0, . . . , 0, d ) where e k = 1, for some 0 k 2m − 2, and e i = 0, for all i = k and 0 i 2m − 2. Thus e i = ik where ik is the Kronecker delta function.
Theorem 26. Suppose 0 k 2m − 2 is odd. Then for any integer for which 0 2n − 1, H k (2 ) is a hamilton path from 1 to
Furthermore, for any integer for which 0 2n Proof. The proof is by mathematical induction. Let H k (0) be the spanning subdigraph of Cay(G : x, y) formed from H k (0) by adding the arc labeled x from x −1 to 1. Then every vertex of H k (0) has inner semidegree one and outer semidegree one. Hence, H k (0) is a collection of disjoint directed cycles. Recall that z = yx −1 . In H k (0), the coset x k z travels by y, and the cosets x i z travel by x, for all i = k and 0 i 2m − 1. We have
.We want to show that H k (0) is a hamilton cycle that begins at vertex x 2m+k+1 and traverses the arcs (4n) * [(2m − 1) * x, y]. Note that (x 2m−1 y) 2 = y 2 x 2m = z 2 . Then, for any integer q and any integer 0 i 2m − 1, we have x 2m+k+1 (x 2m−1 y) 2q x i =x k+i+1 z 2n+2q ∈ x k+i+1 z . Thus x 2m+k+1 (x 2m−1 y) 2q x i travels by x, for i =0, 1, . . . , 2m−2, and x 2m+k+1 (x 2m−1 y) 2q x 2m−1 travels by y. Next, observe that, for any integer q and any integer 0 i 2m − 1, we have x 2m+k+1 (x 2m−1 y) 2q+1 x i = x 2m+k−i−1 z 2ni+2q+1 ∈ x 2m+k−i−1 z . Thus x 2m+k+1 (x 2m−1 y) 2q+1 x i travels by x for i = 0, 1, . . . , 2m − 2, and x 2m+k+1 (x 2m−1 y) 2q+1 x 2m−1 travels by y. We show that the length of this directed cycle in H k (0) is 8mn. We need to determine the smallest nonnegative integers 0 i 2m − 1 and j, not both zero, such that x 2m+k+1 (x 2m−1 y) j x i = x 2m+k+1 . We have x 2m+k+1 (x 2m−1 y) j x i ∈ x 2m+k+1 z iff either j = 2q is even and i = 0, or j = 2q + 1 is odd and i = 2m − 2. Note that (x 2m−1 y) 2q+1 x 2m−2 = z 2q x 2m−1 yx 2m−2 = z 2q+2n+1 = 1 for any integer q since ord(z) = 4n. Hence, we need to find the smallest positive integer q such that (x 2m−1 y) 2q = 1. We have q = ord((x 2m−1 y) 2 ) = ord(z 2 ) = 2n. Thus the directed cycle in H k (0) that begins at vertex x 2m+k+1 and traverses the arcs (4n) * [(2m − 1) * x, y] has length 8mn = |G|. Hence, H k (0) is a hamilton cycle. Note that x 2m+k+1 · x 2m−k−1 = 1. Therefore, if we take the first 2m − k − 1 arcs (2m − k − 1) * x in the list of traversed arcs in the hamilton cycle H k (0) beginning at vertex x 2m+k+1 and place them at the end of the list, we obtain the list of traversed arcs in the hamilton cycle H k (0) beginning at vertex 1. Thus the hamilton cycle in H k (0) begins at vertex 1 and traverses the arcs k * x, y, (4n
Let 0 2n − 1 and assume that H k (2 ) is a hamilton path from 1 to
. Also, note that the hamilton path in H k (2 ) traverses the arcs traverses the arcs (2m
2 +2 x and traverses the arcs k * x, y, (4n
2 +2 x and add the arc labeled y from
x. See Figs. 8 and 9. Hence, H k (2 + 2) is a hamilton path from 1 to Example 28. Consider the abelian group F = Z 4 × Z 6 with the generators = (1, 0) and = (0, 1). Then n = 3 satisfies Lemma 27. Let T 1 = T ((3, 2), (0, 4) ). See Fig. 10 and Table 3 . From Table 4 Proof. We define a homeomorphism of digraphs : Table 3 The visible lattice point and the number of lattice points on each ray R k that lie in triangle Table 4 The sequence of lattice points If k = 0, we can embed the arc labeled y from x 2m y 2j to x 2m y 2j +1 onto the arc labeled from 2 + (2j) to 2 + (2j + 1) . If k > 0, embed the sequence of vertices (x 2m y 2j x i : 1 i k), (x 2m y 2j x k yx i : 0 i k − 1), in order, from H k (d) into the arc labeled from 2 + (2j) to 2 + (2j + 1) in S 1 (d) and embed the sequence of arcs k * x, y, k * x, in order, onto the arc labeled from 2 + (2j) to 2 + (2j + 1) in the natural way. An argument similar to the one in the previous paragraph shows that this is an embedding of vertices and arcs.
If k = 2m − 2, embed the arc labeled y from x 2m−1 y 2j −1 to x 2m−1 y 2j onto the arc labeled from + (2j − 1) to + (2j) . If k < 2m−2, we map the sequence of vertices (x 2m−1 y 2j −1 x i :
, in order, into the arc labeled from + (2j − 1) to + (2j) and map the sequence of arcs (2m − k − 2) * x, y, (2m − k − 2) * x onto the arc labeled from + (2j − 1) to + (2j) in the natural way. We need to show that this is an embedding of vertices and arcs. For 0 i 2m − k − 2, we have
, vertex x 2m−1 y 2j −1 x i travels by x, and vertex x 2m−1 y 2j −1 x 2m−k−2 travels by y.
j ∈ x k+i+1 z . Thus, for 0 i 2m − k − 3, vertex x 2m−1 y 2j −1 x 2m−k−2 yx i travels by x, and vertex x 2m−1 y 2j −1 x 2m−k−2 yx 2m−k−2 = x 2m−1 y 2j lies in the special coset x −1 z .
If k =2m−2, map the arc labeled y from x 4m−1 y 2j −1 to x 4m−1 y 2j onto the arc labeled from 3 +(2j −1) to 3 + (2j) . If k < 2m−2, we map the sequence of vertices (x 4m−1 y 2j −1 x i : 1 i 2m−k −2), (x 4m−1 y 2j −1 x 2m−k−2 yx i : 0 i 2m − k − 3), in order, into the arc labeled from 3 + (2j − 1) to 3 + (2j) and map the sequence of arcs (2m − k − 2) * x, y, (2m − k − 2) * x onto the arc labeled from 3 + (2j − 1) to 3 + (2j) in the natural way. An argument similar to the one in the previous paragraph shows that this is an embedding of vertices and arcs.
Finally, we define the homeomorphism of digraphs : 
